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Abstract

Steerable filters are a valuable tool for various low-levielon tasks.
In this paper we address steerable filters for rotationsrieetidimensions.
For two dimensions the theory is well developed. It is comrmoompute
higher order expansions of certain type of filters and stemntaccording to
their maximal response. The simplicity in 2D is due to theriauheory:
the irreducible subspaces are just one dimensional.

In three dimensions the theory gets much more intricateirtbducible
subspaces grow with each order. This paper proposes a sttty ielated
issues. In particular, we propose a spherical derivatiae réspects the 3D
rotation behavior and connects spherical tensor fieldsftgrdnt degrees.
The proposed theory allows to compute steerable filters iara &fficient
way by repeated applications of such derivatives. We focuspherical
derivatives of the Gaussian and show how it is possible tatcoct Gabor
filters by the help of these derivatives. We further considgmonic projec-
tions of the Gabor filters, because they are cheaper to cempiitey may
be considered as canonical surface templates.



1 Introduction

One often needs to compute the same filter responses foretifferientations.
In the early 1990s Freeman and Adelson [1] introduced aniefti@architecture
to synthesize filters for arbitrary angles from linear conalions of basis filters.
They called their concept 'steerable filters’, becauseliwad one to adaptively
steer the filter to any orientation. Nowadays, steerabkxgilare an indispensable
tool in early vision. Perona generalized the concept ingrbitrary deformation
groups and introduced a methodology to decompose a givenkddtnel optimally
in a set of steerable basis filters.

Derivatives of radial symmetric functions play both in 2J&8D an important
role. They naturally provide a steerable set of filters, theysimple to compute
and the interpolation functions can be computed analyyic8ut already in 2D
these interpolation functions look already quite cumbersd the degree of the
derivative is higher than two. And also the steering becoonwmsputationally
quite costly because all derivatives of a certain ordermarelved. It was already
shown that in 2D there is a solution to this problem by complealysis [3]. By
interpreting the image plane as the complex plane and apgptomplex deriva-
tives the steering can performed by simple multiplicatiami$ a unit complex
number. This work is about generalizing this idea to 3D.

We propose two main contributions. On the one hand we inttedo called
spherical derivatives. They are characterized by the fzat they behave in a
covariant manner with respect to rotations. In this wayy tbennect spherical
tensor fields of different degrees. They replace the usuabéex derivatives in
the 2D case. Secondly, we work out how any analytical functian be written
as a Taylor series in terms of these spherical derivativasicBlarly, we consider
Gabor functions in this representation, which have a quteanical form. Un-
fortunately the representation of the Gabor still involgpserical derivatives of
any order. We will derive that the restriction on a certaibsat of coefficients in
the spherical expansion of the Gabor is equivalent to ptiogthe Gabor onto its
harmonic part. To see this we compute the reproducing kefriee space of har-
monic functions. In fact, the harmonic projection of the Giais just a imaginary
evaluation of the reproducing kernel.

Practically, this work is relevant for all those who want tingpute steerable
responses quickly in 3D in a dense manner. For example, fsedsurface de-
tection the proposed harmonic projection of the Gabor iy veell suited. The
workflow of the algorithm is quite simple. First, apply a srttoonto the 3D im-
age with a Gaussian of widthdetermining the scale. Then, apply iteratively the
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spherical derivative using a finite difference scheme ankieragoroper weighting
of them to determine the shape of the template. The computdteffort here is
just linear in the number of computed coefficients. The outpthe procedure is
a number of tensor images of growing dimension as known frewaluspherical
harmonic representations. Using this representation wwepeaform a steering
just by computing inner products with spherical harmoni€é®ne wants to find
directions of maximal response one can accomplish this lmgus 2D FFT for
each voxel. Note, that the bottleneck of our approach is @any consumption.
For each voxel in the 3D volume we have to store intermedidtel, numbers,
where/nna is the cutoff frequency of the expansion. For large volunrestagh
/2, this will cause definitely problems. But this is inherentlgean with higher
order steerable filters in three dimensions.

The paper is organized as follows: In the following subsecive make a
small review over related work. Then we give in Section 2 atsintroduction to
the harmonic analysis of 3D rotations. We assume that trieerea familiar with
most of the concepts and just give a review and introduce otations. In Sec-
tion 3 we introduce the spherical derivative and examinet\Wwappens if we apply
them multiple times. Using the expansion of the plane wasphrerical harmon-
ics we can derive a Taylor series written in spherical fornhisTTaylor series
also provides a shift formula in differential form. Sectibmtroduces briefly the
reproducing kernel Hilbert space of harmonic functions laoa the reproducing
kernel provides an orthogonal projection onto it. We furtsigow how spherical
derivatives of Gaussians are directly related to the bddisi® space. Then, in
Section 5, we show how Gabor functions can be generated byimey shifts
and how this fact can be used to compute steerable Gaborificdant manner.
Secondly, we project the Gabor onto its harmonic part, wiiehuch cheaper to
compute. Finally, we give some examples and hints for implaation and end
up with a conclusion.

1.1 Related Work

While steerable filters are a common tool in image procesamgow level com-
puter vision in 2D [2, 4], there are only a few approachesshady 3D steerabil-
ity. Freeman and Adelson [1] introduced the concept of atabty in 3D and

used Gaussian derivatives for filtering. In [5] steerabteriihg is used for local
orientation analysis and feature detection in 3D. In [6]leations to motion es-
timation are discussed. Yu et al [7] used conic kernels taavpthe orientation
resolution.



2 Spherical Tensor Analysis

We will assume that the reader is familiar with the basicomiof the harmonic
analysis ofSO(3). For introductory reading we recommend mostly literature
[8, 9, 10] concerning the quantum theory of the angular mdammanwhile our
representation tries to avoid terms from quantum theoryldo give the non-
physicists a chance for following. See e.g. [11, 12] foradtrction from an
engineering viewpoint.

In the following we just repeat the basic notions and inteaur notations.
The only uncommon issue in this section is the specific dedimuf the spherical
product.

2.1 Preliminaries

Let Dg be the unitary irreducible representation of & SO(3) of order; with
j € N. They are also known as th&igner D-matriceqsee e.g. [10]). The
representatioD; acts on a vector space; which is represented b§>+!. We
write the elements of; in bold face, e.gu € V; and write the2j+1 components
in unbold faceu,, € C wherem = —j, ... j. The standard basis df; is written
ase’ . For the transposition of a vector/matrix we writé; the joint complex
conjugation and transposition is denotediby = u” . In this terms the unitarity
of D/ is expressed by the formul@®/) "D/ = 1.

Note, that we treat the spadé as a real vector space of dimensians+ 1,
although the components afmight be complex. This means that the spaGes
only closed under weighted superpositions with real nusib&s a consequence
of this we always have that the components are interrelategib= (—1)"u_,.
From a computational point of view this is an important issudthough the
vectors are elements @**! we just have to store justj + 1 real numbers.
So, the standard coordinate vectot= (x,y,2)” € R?® has a natural relation to
elementa:r € V; by

w 7T —1iy)
u= z = z =Sre V,
—w — (7 +1y)

Note, thatS is an unitary coordinate transformation. Actually, theresgntation
D, is directly related to the real valued rotation matkiy, ¢ R*** by D} =
SU,S’



Definition 2.1. A functionf : R* — V is called a spherical tensor field of rapk
if it transforms with respect to rotations as

(gf)(r) := D;f(Ugr)

for all g € SO(3). The space of all spherical tensor fields of rgnk denoted by
7.

2.2 Spherical Tensor Coupling

Now, we define a family of symmetric bilinear forms that cocinensors of dif-
ferent ranks.

Definition 2.2. For everyj > 0 we define a family of symmetric bilinear forms of
type
o - ij X V]z = V]
wherej, j» € N has to be chosen according to the triangle inequality— j»| <
j <71+ j2andj; + jo + j3 has to be even. Itis defined by

Z <jm | j1m17j2m2>

egnTVO'W = ; : - Umy W

m=mj+mz
where(jm | jymq, joms) are the Clebsch Gordan coefficients (see e.g. [10]).

Up to the factor(j0 | 7,0, j20) this definition is just the usual spherical tensor
coupling equation which is very well known in quantum mecbsiof the angu-
lar momentum. The additional factor is just for convenienltenormalizes the
product such that it shows a more gentle behavior with régpethe spherical
harmonics as we will see later.

The characterizing property of these products is that thegect the rotations
of the arguments, namely

Proposition 2.3. Letv € V;, andw € V,,, then for anyy € SO(3)
(DJiv) o (D2w) = D! (v o; w)

holds.



Proof. The components of the left-hand side look as

(e7,)" (D}v) & (Dyw))

_ Z <jm|jlm1,j2m2>Dj1 D2
(1O [ 10, 720) — M mam

Um! Wy
5 My My

m=mq+mg

/ /
mymy

First one have to insert the identity by using orthogonaliation (11) with re-
spect tan} andm/,. Then we can use relation (19) and the definitiom;db prove
the assertion. O

For the special casg = 0 the arguments have to be of the same rank due to
the triangle inequality. Actually, in this case the new prodcoincides with the
standard inner product

m=j
Vew = Z (=)™ Wy = W'V,

m=—j

wherej is the rank ofv andw. Further note, that if one of the argumentssa$
a scalar, ther reduces to the standard scalar multiplication, ey, w = vw,
wherev € V, andw € V. Another remark is thakis not associative.

The introduced product can also be used to combine tensds fiéldifferent
rank by point-wise multiplication.

Proposition 2.4. Letv € 7;, andw € 7, andj chosen such thaj; — j»| < j <
Ji+ Jj2, then
f(r) = v(r) & w(r)

isin7;, i.e. atensor field of rank.

2.3 Spherical Harmonics

We denote the well-known spherical harmonics¥(r) : S* — V. Note that
Y’(r) is independent of the magnitude af We know that theY’ provide an
orthogonal basis of scalar function on the 2-sph&teThus, any real scalar field
f € T, can be expanded in terms of spherical harmonics in an unigueen:

=Y @) Yw)
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In the following, we always use Racah’s normalization (ks@wn as semi-
Schmidt normalization), i.e.

joyily _ L i (<) V7 _
(Y2 Y)) = yp /52 Y. (s)Y) (s)ds = m(sﬂzémm/
where the integral ranges over the 2-sphere using the sthmdeasure. One
important property of the Racah-normalized spherical loauios is thaly’ ' Y7 =
1. Another important and useful property is tiét = Y7* o; Y72, We can use
this formula to iteratively compute higher ord¥¥ from given lower order ones.
Note thatY? = 1 andY! = Sr, wherer € S2.

The spherical harmonics have a variety of nice propertiase &f the most

important ones is that ead¥, interpreted as a tensor field of rapks a fix-point
with respect to rotations, i.e.

(9Y7)(r) = DJY/(Ugr) = Y/(r)

or in other wordsY’(U,r) = DJY’(r). A consequence of this is that the expan-
sion coefficients of the rotated functignf)(r) = f(U}r) just look asD/a’(r).
Later we will need the following definition

R}(r) := 7" Y™ "(r).

The functionsR™ := Ry are usually called regular solid harmonics and are solu-
tions of the Laplace equation. Note that iRé are homogeneous polynomials of
ordern, meaningR"(Ar) = A"R"(r) for any A € R.

3 Spherical Derivatives

This section proposes the basic tools for dealing with @ékies in the context of
spherical tensor analysis. First, we will introduce theesptal derivative which
connects spherical tensor fields of different ranks by bffiéation. Then, we
consider the representations of these derivatives in theiérodomain. Based
on this knowledge our goal is to find a Taylor series expansiaerms of the
spherical derivatives. Therefore, we compute the spHegigaansion of a plane
wave and use the representations of the spherical deggatithe Fourier domain
to obtain a differential shift operator analog to the ordjnzartesian- = ¢t' V.
Now, let us start with the definition of the spherical derivat



Proposition 3.1(Spherical Derivatives)Letf € 7, be a tensor field. The spher-
ical up-derivativeV' : 7, — 7,,, and the down-derivativ®, : 7, — 7,_, are
defined as

Vif = Ve, f (1)
Vif = Ve_f, (2)
where . X
V = (ﬁ(&c +1i0,), 0., —ﬁ(ﬁx —1i0,))

is the spherical gradient and,, 9,, 0, the standard partial derivatives.
Proof. We have to show tha@ 'f € 7,4, i.e.
V! (D{f(U]r)) = DM (V') (Ul r)
andVf € 7,_,
V,(Df(U]r)) = D! (Vif)(Ulr)
Both statements are proved just by using the properties of O
Note, that for a scalar function the spherical up-derivaisjust the spherical
gradient,i.eVf = V'f.
In the Fourier domain the spherical derivatives act by poiisee-multiplications

with a solid harmonidkY*!(k) = iR!(k) = iSk wherek = |k| the frequency
magnitude:

Proposition 3.2(Foulier Representationp_etf(k) be the Fourier transformation
of somef € 7, and V representations of the spherical derivative in the Fourier
domain that are implicitly defined (W) = Vf, then

V'Ek) = iR(K) e F(K) 3)
Vif(k) = iR'(k) e f(k). (4)

Ii[oof. ByNthe ordinary Fourier corresponce for the partial demneat namely
o.f = ik.f, we can also verify for the spherical gradi@nthat

V = iSk = iR (k)

and hence

Vi = (Ve f) = Ve f=iRK) o T
which was to show. O
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Both statements are direct consequences of the Fouriexspanndences for
the ordinary partial derivatives. For scalar fields we camegalize this statement
also for higher orders

Proposition 3.3(Multiple Spherical Derivatives)ror n > i we definév? : 7, —
T,-; by

< - Y
i—times n—times

V! =V,V'"=V,..V, V' V'
N——

In the Fourier domain these multiple derivatives act by

(ViD= i) Ry () f(k). (5)
Using this one can show th&I?" = V" 'A, whereA is the Laplace operator.

Proof. Based on the correspondences stated in equations (3) anih¢4)asic
reason for equation (5) is that’ = Y7' ¢; Y72 and its implications foR". To
see the assertion for= 0 consider the following

(V' k) = iR'(k)s, (... (iR (k) & (iR (k) & iR (k)))...)f(K).

By successively applyinR"*! = R' o, ,; R" we get immediatelyenf)(k) =
i"R"(k)f(k). ForV, itis just the same reasoning but we have to apply succes-
sively

R'e, ;R =R],.

And finally, we proveV? = V"' A’ in Fourier domain by

~ N

— (ik)n—zYn—z(k) (ik,)Zz — in—an—z(k)(_k,Z)z
- VR

where we used the well known Fourier correspondence of tiptata operator,
namelyA = —k2. O

We want to emphasize that both statements only hold for isealaed fields,
generalizations to tensor-valued fields are not straigivixdird.
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3.1 Plane Wave Expansion and Shifts

The expansion of a plane wave in spherical harmonics is krise® e.g [10] p.
136) to be

M= @20+ 1)) Gelkr) P

kT
krr)
l

= > @0+ 1D)E) jelkr) Yi(r) & Y(k)

¢

wherej, are the spherical Bessel function of the first kind dhdhe Legendre
polynomials. We can also write the plane wave expansionrmgef solid har-
monicsR} as follows

Proposition 3.4(Plane Wave ExpansionY he plane wave expansion can be writ-
ten as

e 'T = "i"a, ; RI(r) & R (k).

n>1
with »
(2 =9)+1)
T 2in + I
Proof. Starting with the usual expression for the plane wave aneriimg) the
Taylor series expansion of the spherical Bessel functiah ¢®es

ek = Z(%H)(')f jo(kr) Yi(r) & Yi(K)

(20 + 1) .
Z 2i4+-0~N 0 0

Now, reindexing byh = i + ¢, i.e. replacing any by n — ¢ yields

6ikTr _ Z i <_12>;('?;Z ; 7'1>)'_:_ 1) (k,,r)n-l-iYZ(r) o Yé(k)

Further recognizing that—‘(—1)" = i"** proves the assertion. O

By (2n + 1)!! we denote the double factorial that is defined s+ 1)!! =
(2n +1)(2n — 1)...1. In Fourier domain the above expression can be used to
model a shift by means of a spherical expansion. Considealardanctionf (k)
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and multiply it byeith, i.e. shift the function in spatial domain, and then using
(5) gives

TR = 3 o RE(t ((ik)"“Y (k) f1 (k))

n>t

Zaann f( ))

n>i

Transferring this equation to spatial domain the shift camxpressed as

(Tf)(r) = 0 RI(t) & (V) (). (6)

n>1

which can also be interpreted as a Taylor series written respal derivatives.
So, the ordinary differential shift operator= ¢t' v has the spherical analogon

T = Z a,; R} (t) &g V

n>i

which is much more convenient when we have to deal with ranati We further

can find that
5n,n’5i,i’

Qg

n—i
m

(V¥ R},)(0) =

which can be verified by setting = R}, in equation (6) and comparing the
coefficients.

4 Harmonic Subspace

In this section we will consider the subspdgeof harmonic polynomials of.
A function f € 7, is called harmonic ifA f = 0. The harmonic functions play an
important role in the context of spherical derivatives.

In fact, the spac@é{ together with the inner product introduced below is a re-
producing kernel Hilbert space. First, we will derive thpnaducing kernel of{
with respect to a Gaussian weighted inner producfprWe follow the approach
given in [13]. Actually, the reproducing kernel provides@thogonal projection
‘H. Then, we examine the harmonic projection of a plane wavés Ritowledge
will be important to understand the harmonic part of the Gdltter, which is
much cheaper to compute as we will later see. Then, we shawhbapherical
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derivativesV* of a Gaussian are just Gaussian-windowed solid harmonttishw

are a basis of the harmonic polynomials. This fact will lseable us to compute
the Gabors in an efficient manner by a superposition of sphledlerivatives. We

will also show that the spherical derivative of a Gaussiaeasthed function is

equivalent to a convolution with Gaussian-windowed soladonics.

4.1 Reproducing Kernel ofH

First we have to establish a metric @pto enable us to speak of orthogonality.
We introduce the Gaussian weighted inner producipby

= [ Tt e = [ Flglene),

where we normalize the standard measirenddu(r), respectively, such that
Jus €7 2dr = [, du(r) = 1. The solid harmonic®R” := R build an orthog-
onal basis (with respect tp, -),,) of the spacé{ C 7, of harmonic polynomials
onRR3. We want to find an expression for the reproducing kefiedf 7 and so

an orthogonal projection ontd. Therefore, we have to find the squared norms of
R™ with respect tq:. If we denote then + 1 components oR"™ as R, then we
can find out that

(R, R, = / P Y )Y () dp(r)
]R3

5n,n’5m,m’ /OO 7“2(n+1)6_r2/2d7“
2n+1 Jq

(2n+ )N
(2n+1)

6n,n’6m,m’

The radius integral was computed by partial integrationoBtain an expression
for the reproducing kernek” of H we follow [13]. We just have to write out the
point evaluation in terms of solid harmonics. feE H some harmonic function,
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then

n

) = Y o )

n=0 m=—n

_ / 3 Z R(x o ff‘f}( ) f(e) dpr)

-

K(r ,r)

= | K(@'\r)f(r)du(r)
R3
gives an explicit expression fdf. Note, that —1)!! = 1. In fact, K also provides
an orthogonal projection ontd, i.e. for anyf € 7, we have that

(Pref)(r') = | K(',r)f(r) du(r) € 1,
]R.

which is clear by the definition oK. The orthogonality of?;, comes due to the
symmetry of K. The kernel is related to the so called Bargmann-Fock sdaie [
for functions onC. The principle presented here is a certain kind of genextadin
from C to R3. The holomorphic functions known from the classical Bargma
Fock space are replaced by the harmonic function®omand the reproducing
kernele®’ in the Bargmann-Fock space is replaced by the above inteatkernel
K.

After some tedious computations one can find that the hamrmmojection of
a plane wave'® ' is just

(Pre™ ™) (r) = K(r,ik)e /2 (7)

which one may also have guessed when looking at the harmani©pthe full
spherical Taylor expansion of the plane wave.

4.2 Spherical Gaussian Derivatives

We have seen in the last section that the Gaussian measyseaplanportant role.
The especialness of the Gaussian in the context of harmpalgsis comes due to
one important fact: the Gaussian-windowed solid harmom#& a very special
behavior with respect to the Fourier transform. Actualhgyt are the derivatives
V* of the Gaussian. We will show this in the following.
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Proposition 4.1. The Gaussian windowed harmonic of widtls defined as

¢ L1\ Cpo
Vi) =2 (1) Riwe 5,
then

Vi(k) = (%", V(0))r, = ()R (K)e™ =
is the Fourier transformation oV*(r).

Proof. We start with the definition of the Fourier transform and pluthe spher-
ical harmonic expansion of the plane wave. Then, we integvat the angular
dependend part:

g VE(r)e Ty — . Vi) > @20+ 1)(—1)" jau(kr) Y"(r) & Y" (k)
- U(2i€)+1Yf(k) /OOO jﬁ(k?")e_$7“£+2dr

n

The residual radius dependend part is integrated by usangdhies expansion of
the spherical Bessel function:

/ooj (k‘T’)e_é;_Q?Tszr = i (_1)7%2”“ /OO 7“2"+2é+26_22_22d7’
, 2 ml(2(n + 0) + D) Jo

o2(n+O+1(2(n+£)+1)!

oo 2n-+¢
_ Z (=1)"k=" _ Uzé+1k46—<"’;)2
o omplg—2n+0)-1

n=0
So we arrive at
Y ¢ —ikTr NN _(@R)?
V (k)= [ V,(r)e dr = (ik)"Y"(k)e” =
R3
which proves the assertion. O

In fact, foroc = 1 the V’s are eigenfunctions of the Fourier transformation
with eigenvalug —i)*. Using the above proposition it is also easy to show that the
V* are just the/th order spherical derivatives of a Gaussian.
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Corollary 4.2 (Spherical Gaussian DerivativeéJhe spherical derivativa&‘ of a
Gaussian computes to

T'2 1 Z 7‘2
Vie 22 = oVi(r) = <——2) R(r) e 27
o

This also implies that for smafi the inner products with suc¥i’ tend towards
the derivative, meaning

<_1>£<V£7 f>L2 ﬂ (Véf) |r=0

for somef € 7;. Another implication is that convolutions with thé, are deriva-
tives of smoothed functions

Corollary 4.3 (Smooth Derivatives)Let f € 7,, then we can show that
Vﬁ * f = szSa
2
wheref, = Le722 « f.

Proof. In the Fourier domain this assertion is easy to realize:

VL = <(ik)fo(k)e—(”§>2) 7

= (ik)"YUK) o <e-‘”?2f) V7T

e

It is just the associativity and commutatitivity of convbns. 0J

5 Gabor-like Filters

The above introduced theory about spherical derivativebles us to compute
steerable Gabor filters by repeated applications of diftgs&on in an efficient
manner. We will show that an application of an imaginary tsaifto an ordi-
nary Gaussian function results in a Gabor like function,a.&aussian windowed
plane wave. Due to the associativity of differentiation @odvolution it is pos-
sible to perform a convolution with a Gabor equivalently byoavolution with a
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Gaussian followed by the imaginary shift, which can be aakrdeoy the proposed
differential operator.

To reduce the computational load we further show that harennojections
of these Gabor filters are much less expensive to compute. ilNgwaw that the
reproducing kernel of{ coincides with this harmonic projection of the Gabor.

5.1 Complex Arguments

Any analytical functioriR? — R can be easily augmented to complex arguments
in C? by formally substituting the real variables in the Taylorieg with complex
ones. In spherical coordinates it is very much the same bigonobvious. Recall,
the spherical shift formula (6). The formal replacementakhs equivalent to the
cartesian case is to assume the following identity

R} (ik) = (i)""" R} (k)

for anyk € R®. One may wonder that we can 'assume’ this identity. Realize,
that we can construct ariR} (k) by repeateds-products withSk. So, it is no
problem to replac&k by S(ik) = iSk in a formal manner and obtain the above
formula. Actually, be doing so we went ol which is a real vector space. and
alsoR}(ik) is not element of/,,_; anymore.

Note, that the formal substitution is only compliant withrdarmulas from
before when the squared magnitude of the veikois computed by—£? =
(S(ik)) & (S(ik)) or in other words-k? = (ik)”(ik). This means that although
we augmented th&? to C* we still have to use the standard Euclidean inner
productk”k rather than the Hermitiak " k. This is essential for the further con-
siderations.

Now, using the above relation we can evaluate any analytictfon at com-
plex arguments via the formula:

Flr+ik) = 30" o, R (K) & VI £(r).

n>i

wherek € R3. We will now use this formula to generate a Gabor filter.

5.2 Gabor filter

We can use a pure imaginary shift to generate a Gabor funatibaf a Gaussian.
Let us say that;, shifts byik and letg(r) := e~*'*/2 be a Gaussian, then we have
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that

Gk(r) = (Tikg)(r) — 6_(r+ik)T(I‘+ik)/2
g(r) o ik kTk/2

= g(r) e ™" g(ik) (8)

which means thatry is a spherical Gabor function with frequenek centered at
the origin. Note, that we actually used the fact that theipmeductk”k in the
argument of the exponential is the Euclidean one. As a remarkio not have to
bother abouy(ik), it is just depending oh.

To compute a convolution of an arbitrary functigrwith a GaborG, we can
use that convolutions and differentiation are associative

Gy * f = (1ikg) * [ = (9 * f) = T fs-

Thus, a convolution with a Gabor is equivalent to a convolutvith an ordinary
Gaussian and then performing a complex shift This shift can written as the
already proposed differential operator

(Tucfs)(r) =D ()" e R (K) & V7 fo(r).

n>t

Our goal is to compute convolutions with Gabors with fixedjtrency magnitude
k, while the orientational part should be steerable. Fronmaprdational perspec-
tive we have to do the following: compute the smooth densatmagesV' f;
and collect those with the same tensor rank in one sum

Al =D (Do KTV (9)

n—i=~¢

Now, to compute the response of the Gabor filter in a specifectdonn = k/k,
or directions that depend on the positiofr), we just have to compute

> (1) Yi(n(r)) & A'(r), (10)

7 D
Ef(r)
whereE*(r) is a sort of 'direction’-field. The question of how to detemai(r)
or E(r), respectively, depends on the application. Kovacs et §ljaGe shown
that it is possible to perform a steering, e.g. with respethié maximal response,
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efficiently by a FFT. In our case we need a 2D FFT due to theiootatymmetry
of the template.

We already mentioned that the imaginary shift leads out efréal vector
spacesl,. From a computational point of view this is very disadvaetags be-
cause we cannot handlé as a space di¢ + 1 real numbers anymore but have
to store2(2¢ + 1) numbers which doubles the memory consumption. But in the
above formulation the tensor fields’ andE* are still elements of/,. We were
able to carry out the complex superposition to the final sutiiman equation
(10), so we can still work with tensors of real dimensignt 1.

5.3 Harmonic Projection

In order to compute the steerable Gabor responses the catigmal most expen-
sive part is the computation of the derivatives' in the sum forA‘. It would
be grateful if one can restrict the computation to a certaivsst, e.g lef = 0.
In fact, just considerin" is equivalent to projecting onto the subspace of har-
monic functionsH. Actually, the resulting convolution kernel is just an inreayy
evaluation of the harmonic reproducing keriél

In other words, the restriction on the coefficients with 0 in equation (9) is
equivalent to a convolution of the functigihwith the kernel

Hy(r) := g(r)K(r, —ik)

Note the similarity of this expression to equation (8). Wetjaxchanged the
Gaussian windowed plane WaveikT”g(ik) by its projection on the harmonic
subspace, nameli( (r, —ik) (compare to equation (7)). To see the equivalence
consider the following computation

(Hye* f)(r) = (g(r)K(r,—ik)) * f(r)
Z(i)éRZ(k) % (Vefs)(r)

20—
=S YI(K) @A),
with , é
A= VL and £ =g f

for some fixed width parametér To get from the first to the second line we need
Corollary 4.3 and the definition dk. Comparing this result to equation (9) and
(10) it is just the restriction on the beforementioned caosfits.
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(V3f5)3

(V3f8)2

(VSfS)l

(V3f3)0

Figure 1: Computation of the spherical derivatives. Thewindicate the depen-
dencies. For example, to compy®? f,); one have to compute finite differences
of (V2£.)o, (V2 f)1, (V2f,)2 and make an appropriate superposition of them.

Figure 2: On the top the real part of a Gabor in surface reptasten (left), a slice
through thez-plane of the real part (middle), and imaginary part (rigl@n the
bottom the same for the imaginary part of the harmonic ptmeof the Gabor.
Both were computed with the proposed scheme with an expaisigree up to
lmax = 10 on a643-grid.
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6 Implementation

We already explained the workflow of the algorithm roughlyneQyuestion re-
main: How we practically compute the spherical derivatives

6.1 Spherical Derivatives

For a fast computation of the higher order derivatives weusainite differences
in a repeated manner. In [3] this issue was already discuss@iD. Alternating
forward backward differences seem to be good choice. Butaledifferences
are already sufficient for low orders. Of course, the acouedways depends on
the size of the Gaussian smooth which is applied beforeh&mdtigure 1 the
workflow of the computation of the homogenous derivati¥esf, is depicted.
The round brackets with the subscript indicate the compbokthe vector, i.e.
(Vf)m = (Vf)Te!,. As already mentioned we can restrict the computations
on the components witlh > 0 due to the real nature &}. The computation of a
(V) only involves derivatives of V' f,)m—1, (V£ )m, (V' fs)mi1 due to
the selection rules of the Clebsch Gordan coefficigtst 1)m|¢n, 1(m — n)).
So, the computation is rather fast and only linear in the nemolb coefficients.

To compute the derivative® ' f, in general there are two ways: we can apply
the spherical down-derivative in the same manner as theeupative by finite
differences; or, we can use the Proposition 3.3 and carrtheutonvolution with
multiple Laplacians of Gaussians as a preprocessing séepye computg! =
f+(Ag) in an appropriate way and then apply &é as above and obta®I” f, =
V"' fi, This way is more accurate than the first one but also morensigedue
to the explicit convolution with the\’g.

Using the first, more rough approach, we have a complexi@@¥ - /3 _,)
whereN is the number of voxels. One have to comp{e, derivative images,
where each derivative has components of oriigg, thus the complexity is of
order /3 _,. Compare this to the direct approach using convolutionse Bave
to computer? ., convolutions which is usually accomplished by a FFT. So, we
have a complexity of)(N log(N) - ¢%.,) for the classical approach. Note, that
for the harmonic projection of the Gabor our approach hasptexity of order
O(N - £2..,) while the classical approach cannot benefit.

In Figure 2 we give two examples: the Gabor and its harmorageption.
For the computation of the derivatives we used central idiffees and the more
rough approximation of the down-derivative by finite difaces. An example
concerning the running times: computing the full steeraxgansion of a Gabor
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with /max = 5 on a256° grid takes on arintel Xeon X5365 / 3Gh@MB Cache,
single threaded) abo@bs, where everything was implemented@x+ without

any optimizations like SSE. Using the direct convolutioprgach with a SSE
optimizedFFTW ("patient”) this takes aboui0s.

6.2 Fast Steering

Finally, we address the task of computing the st(m) = >_,(i)‘A’ & Y*(n)

for differentn € S? in an efficient way. Note, that we leave out the posi-
tion dependency comparing to equation (10). Practicallyhaee to apply the
following procedure to each voxel (or an appropriate chaadrset). Actually,
we can use a 2D FFT to accomplish the task. By parameteriziog angles

6 € [0,7) and¢p € [0,27) we can write a spherical harmonic BY (6, ¢) =
S il db o0 whered! , is the Wigner D-matrix corresponding to
a rotation around;-axis by 90 degrees. This decomposition is due to Kovacs
et al [15]. Using this, it is easy to find an expression &, ¢) of the form
c(0,0) = 3. can€' ") that allows the use of a 2D FFT for a fast computa-
tion.

7 Conclusion

In this work we proposed the theoretical foundations of sphédifferential cal-
culus which allows us to compute derivatives that are caamplivith rotation
behavior of the usual spherical harmonic representatior. d&/ived analytical
formulas for the Gabor filter and a certain harmonic proggcof the Gabor in
terms of spherical derivatives. They enable us to competrable Gabors in an
efficient way.

A Spherical Harmonics

We always use Racah-normalized spherical harmonics. mnstaf Legendre
polynomials they are written as

(l—m)!
(I +m)!

Yo(0,0) = Py, (cos(6))e*
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Mostly we writer /7 € S? instead of(¢, §). The Racah-normalized solid harmon-
ics can be written as

Oitjith,0i—jm NG Y
Rl (1) = VA )= m)l Y- 2T (o i) (o — i)'

wherer = (z,y,z). They are related to spherical harmonics By (r)/r‘ =
Yo (x/r)

B Clebsch Gordan Coefficients

Orthogonality

> " (mljima, jama) Gmliimh, jamb) = Gy Oy (11)
J,m
Z (gmljima, jama) (F'm|jima, jama) = ;41 0m, (12)
m=mi+mz
L o 2j +1
Z<]m|]1m1,]2m2><jm|]1m1,]§m’2) - 0jo,j4,Oma,my  (13)

275 + 1 72

mi,m
Special Values

1/2 B 1/2 ~1/2
ke =nm == () () (5) e

€+A—m+u)m

(em|(€+ ) (m = 1), Mz} = (=1)** ( Nt

N (15)
Cx+m—p (2042241 \ "
A—pu 2
Symmetry
(gmljima, joma) = (jimu, jama|jm) (16)
(Jmljimy, joma) = (=1)7T2(jm|jamy, j1my) (17)
(gmljima, joma) = (=172 (j(=m)|j1(—mq), j2(—m2))  (18)
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C Wigner D-Matrix

The components dDﬁ are writtenD’? . They are called the Wigner D-matrix. In
Euler anglesp, 0, ¢ in ZYZ-convention we have

Din(9,0,0) = e d,,, (0)e™,

whered’ () are the Wigner d-matrix which is real-valued. Relation ® &leb-
sch Gordan coefficients:

Dﬁmn = Z Dfé1n1Df7§2n2 (lm|l1m1, l2m2> (ln|l1n1, l2n2> (19)
e
Dy, D, =" Db (Im|limy, loms) (In|ling, lons) (20)

I,m,n

D Spherical Bessel Functions

As Taylor series withy € R,

Jalw) =3 n!r(i_jz:+ 1) @YW

n=0

The spherical Bessel function with € N is given by

™

Jm(z) = %Jm+1/2(x)
as series expansion
‘ LA (—1)" x\ 2
Jm{@) = Z<§> ;nlf‘(n+m+3/2) <§) ' (21)
or
MOEDS D E (22)

n=0
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D.1 Double Factorial

(20+ 1)l =T(C +3/2) = (20+1)(20 - 1)(20—3)...

ﬁw
~
o~
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