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Abstract

In many pattern classification problems, feature
extraction must be concentrated on intrinsic shape
information, independent of additional unavoidable
shifts, In these cases it is advantageous to use trans-
lation invariant transforms for getting pure shape
properties.

The paper presents a transform (one- and two-
dimensional) which is invariant under cyclic permu-
tations of the input pattern. It belongs to a special
class of nonlinear transforms with a fast computing
graph, very similar to the linear Walsh graph. The
transform is denoted as B-transform because only
Boolean operations are used instead of algebraic
ones. It is a generalization of the M-transform, which
was defined for binary patterns, to the class of grey
scale patterns. Input and output variables are elements
of the finite set of dyadic rational numbers 11", a rep-
resentation which allows direct computation of data
coming from an analog-to-digital converter with fixed
resolution.

As a consequence the transform has a very simple
and fast hardware realization with logic elements and
a fixed word length because the results of all nodal
opf:rations are as well elements of the finite set II".
Using a graph with the same operations in each layer
results in a further simplification because only one

stage must be realized.

Some further critical features like uniqueness
of representation and sensitivity to disturbances are
discussed.

Introduction
In many pattern classification problems a translation

has no effect on class membership. In such cases one
would like to remove this parameter and extract only
shape-specific characteristics before evaluating decis-
ion functions.

A possible approach is to use translation invariant
transforms. A transform T is called translation invari-

ant if
T(x) = T(t;(x)), €T 1

where x represents a one- or two dimensional finite
pattern (vector or matrix) and 7 denotes the class of
all possible translational operators #;. Regarding only
finite patterns, each translation is used here as cyclic
permutation, for example
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X(0+i) mod N
X(1+i) mod N

ti(x) = (2)
X(N-1+i) mod N
Eq. (1) has the effect, that the complete set €;
of translates of x;
Ci = Ixiltj(xi) € ¢; ,\Vt; € T} (3)

in the original pattern space is mapped into one
point of the feature space. If above that uniqueness
of representation of all possible patterns is required,
two structural different patterns should map into dis-
tinct points in feature space, corresponding to

T(x) # T(d(x)),Vd € D “4)
where D denotes the class of all possible deforma-
tional operators. Moreover, patterns which are simi-
lar, e.g. underlying a little disturbance, should map
into points that are close together. This property
leads to the requirement that the transform should
be continuous with respect to a certain metric.

Under certain restrictions the position invariant
property of two-dimensional objects (including trans-
lation and rotation) may be reduced to translation
invariance. This may be done using an intrinsic equa-
tion of a closed curve, for example the curvature as a
function of arc length.

The transform discussed here belongs to a general
class of translation invariant transforms which can all
be computed by a fast algorithm reducing the num-
ber of basic operations from N2 to N-1d(N), whereby
N denotes the number of discrete points of a pattern
x. The rapid advances in digital technology have stim-
ulated great interest in such transforms and their real-
ization with general or specially dedicated micropro-
cessors.

Definition

A one-dimensional pattern may be represented by a
vector x whose elements x; all belong to the set 117,
11" denotes the finite set of dyadic rational numbers
with 7 digits, for example the set of non-negative in-
tegers less than 2 in binary representation

Xi = Xim~1 ... X 1% 0 =
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m-1 .
=X xij 2, xij € {0,1} (3)
j=0
The transform X of the vector x is defined as
N/2-1
(r+1) _ x(r) x{")
X, R N o1 ..
n-1
= 2N
(r+1) _ f (DC(H x(’) N
Xgie1 121 7 TieNs2
=0
x(0) = x, X = x(n = 1) (6)
with the two commutative operators
m-1 .
Filwior) =x; A xp= 2 (wiip )2,
=0 (7)
m—1 \
fa(xixp) = %iVap = T (x;;Vag, ;)2
m j=0

which represent bitwise logical AND bitwise logical
OR respectively. Figure 1 shows the corresponding
signal flow diagram.

The B-transform belongs to a general class of fast
translation invariant transforms [1] with the flow
diagram of Fig. 1 and two arbitrary commutative op-
erators f; and f, in the nodal points. It can be re-

‘garded as a generalization of the M-transform [1]

for binary patterns to the set of gray scale patterns.
Another member of this general class is the R-trans-
form [2] which was published first with the special
commutative operators fy(x;,xy) = x; + xp and
fa(xixp) = |xj~xp |. Without the nonlinear operation
ABS (-) in f, the R-transform according to the graph
in Fig. 1 is identical to the natural ordered fast Walsh
transform, following the well-known Cooley-Tukey
algorithm,

The transform can be extended to two-dimensional
patterns x of dimension N X N with invariance under
a translation in both directions

tk,1(X) = {X(i+k)mod N,(j+1) mod N} (8)

It may be defined as
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Fig. 2 Example of a binary pattern (a), shifted in both directions (b) and the corresponding unaffected transforms X.

with the same operators f; and f2 of Eq. 7. Two to other transforms by exchanging the functions

examples of the two-dimensional transform (8 X 8) f1 and f5.
for a binary and a gray scale pattern are given in

Figs. 2 and 3. It can be seen that the
patterns are unaffected by shift.

transformed
- Properties and consequences for implementation

Fortran programs for the computation of the one-  When executed on a digital computer, this transform
and two-dimensional transform are given in the Ap- like the R-transform, is 10-100 times faster than the
pendix. The algorithms may very easily be modified fast Fourier transform.

2 mT’w 2 2 8 Q @ 2 v ¢ 2 B 2 0
9 v el v v e 2 @ @ w8 v v Ad v 9
2 52 1] @& » a ¢ @ ¢ v w [l] e @
- @ wjm Z @ 9 @ ) P @ o v u 2l e e
X @ e li] 4 0 2 v @ X = @ 7 o 1 2 3 2 1]
2 0 2 9 2 2 @ 9 @ o 4 @ o (2| @ @
a2 2 2 » 2 a o o @ @ 9 2 v [1] e o
@ 2 B 2 2 v ¥ @ 6 6 v @ 9 @ 2 @
@ v v B ¥ 9 B @ 2 0 v ¥ v B v @
R T T I R R 2 0 v 2 v @ @ 0@
2 v 2 v 9 ¢ 9 @ @ @ 2 2 @ A 2 0
% - @ » ¥ a2 @ a i . 2 © 0 v v B @
X @ 2 0 v a2 @ p @ X = @ e 2 ¥ v ¥ @ 0
¢ @0 @ @0 ¢ a a 3 2 @ 0 » 2 B P 3
2 2 0 2 2 @ @ 2 a 2 2 9 9 @ o a
a) @ 2 2 1 9 3 2 3 b) @ 0 2 1 a2 3 2 3

Fig. 3 Example of a gray scale patters (a),
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Compared to the R-transform the B-transform
with its simple operations in the modal points has
further advantages for a special purpose parallel com-
puter with substantial savings in hardware and com-
putation time. Instead of using a full adder in each
modal point, the operators f and f, may be realized
with m parallel gates. One layer of the one- or two-
dimensional graph may therefore be computed with
the delay of only one logic gate.

All n = 1d(N) stages of the signal flow diagram
used in Fig. 1 are identical, Hence it is possible to
realize a single stage and recirculate data from output
to input 1d(N) times. As a consequence the computa-
tions time for N = 210 =1024 points with 10 stages
could be less than 100 ns.

The set 11" is closed under the two operations
given in Eq. 7. Hence all elements within the graph
including stage 0 (input) and stage # - (output)
are elements of 1"

xg") en™”,

r=0,...,m-1;i=0,..., N-1

(10)

This results in a uniform transform volume. The in-
put data coming from an analog-to-digital converter
with a resolution of m bits may be processed or
realized throughout the whole signal flow graph with
the same constant number of digits or word length,

Applicability

As already mentioned two essential aspects for the
applicability of the transform to classification prob-
lems are its sensitivity and uniqueness of representa-
tion.

The transform should be immune to little distor-
tions of the pattern which means that it should be
continuous with respect to a certain metric. Little mod-
ifications in pattern space should result in little mod-
ifications in feature space. The following example
shows the results of the B-transform used in conjunc-
tion with a minimum Euclidean distance classifier.

In Fig. 4 three samples of one-dimensional patterns
(g, 1iXp,2:X,3) are given with great similarity of
pattern 1 and 3. The patterns are distorted by a
uniformly distributed additive noise of 2.5, 5, 10,
25 (Fig. 5) and 50%. Tables 1-3 show the respective
Euclidean distance matrices in the original pattern
space and in the feature spaces of the R- and B-

transform. The elements of the distance matrices
{d; j} are computed as the distances between the
reférence patterns and the distorted patterns.

di,j = HX,"() - Xi”

A classification is possible if all main diagonal ele-
ments of the distance matrix are less than the other
corresponding column elements. The B-transform
shows fairly good results compared to the R- and
orifinal space. A good discrimination is given up to
a distortion of 25%.

The results of the B-transform, however, are
highly dependent on changes in magnification and
average value which in contrast to the R-transform
may not easily be isolated. It can be shown that the
R-transform is continuous with respect to the Eucli-
dean metric, the B-transform, however, not. The
results may be improved if cyclic codes (e.g. the
Graycode) for the input data are used in which all
successive code words differ in exactly one digit.

The B-transform, like the R-transform, is a2 non-
linear transform which is non-unique with respect to
the set of cyclic permutations €. The efficiency of
the transforms is characterized by the number of dis-
tinct elements in feature space, because it determines
the maximum number of patterns which can be dis-
criminated. Table 4 shows a comparison of the R-
and B-transform (in this case equivalent to the M-
transform) for binary output patterns with different
dimensions. The table contains corrected values of
[1] and shows slight advantages of the R-transform.
It can be shown that the general class of fast trans-
forms given in [1] is also invariant to dyadic transla-
tion, a translation with componentwise addition mod-
ulo 2. A subset of these dyadic translations are the
reflection or mirror images, already mentioned in [1]
and [2]. In a subsequent paper a complete descrip-
tion of the set of invariants of the general class of
transforms given in [1] will be presented.

Conclusions

The paper describes a fast translation invariant trans-
form for processing digitized gray scale patterns with
substantial advantages in speed and computational
expense over existing transforms. The transform may
be very efficiently realized in a special purpose high
speed computer. These advantages, however, must be
traded against less sensitivity and reduced diversity.
Further properties with respect to the various tasks
of pattern recognition remain to be explored.
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TABLE 3.

Euclidean distance matrix in the feature space of the B-transform for the samples given in Fig. 4 (amplitude of the
undistorted patterns in the range 706 < xo’l- < 2706).

—

NUISE LEVEL
@,A000020
13791,54
6751,234

NOISE LEVEL
1050, 314
13622,83
6892,6480

NOISE LEVEL
1792,381
13429,43
1965,085

NOISE LEVEL
3071,077
13264 ,62
7388,342

NOISE LEVEL
8192,281
14119,50
10548 6B

NOISE LEVEL
24592,11
23040 ,09
25705,33

(IN X)3 D,0v00200

15791,51 6751 ,234
0,0000000 14109,11
14199,11 @, 0000000

(IN %)13 2,5000Q9

13798,10 6996 ,008
726 ,3532 14059,08
14175,12 2680 ,296

(IN %) 5,0003090

13943, 04 6601 ,430
1583,919 13728,20
14334,14 2418,254

(IN %12 10,70000

14324 ,95 7350,007
2787,743 13707,30
14837,32 4een,082

(IN %)8 25,0000

16313 ,35 9909,083
780,765 13574,42
17283 ,18 8117,683

(IN X)) 50,0000

28620,72 23852 ,43
2497327 22560 ,06
29580, 13 24935,78
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TABLE 4 A comparison for binary patterns

Number of distinct patterns

Dimension of the in feature space
pattern
N=2n RT BT(MT)
4 6 6
8 21 20
16 225 168
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